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We study a model for two-species hard-core bosons in one dimension. In this model, the same-species bosons
have a hard-core condition at the same site, while different-species bosons are allowed to occupy the same site
with a local interactionU . At half-filling, by Jordan-Wigner transformation, the model can be exactly mapped to
a fermionic Hubbard model. Due to this correspondence, the phase transition from superfluid (U = 0) to Mott
insulator (U > 0) can be explained by simple one-band theory at half-filling. By using an exact diagonalization
method adopting a modified Lanczos method, we obtain the ground states as a function of U for the lattice size
upto L = 16. We calculate directional current-current correlation functions in this model, which indicate that
there are some remaining counter-flow in the Mott insulating region (U > 0) and co-flow in the charge-density-
wave region (U < 0) for the finite lattices.
PACS numbers: 75.10.Pq, 05.30.Rt
I. INTRODUCTION
Investigating quantum many-body systems with strong cor-
relations is one of the most interesting research topics in con-
densed matter physics. Also, in atomic physics, trapping
quantum particles within an optical lattice enabled researchers
to study the collective behavior of quantum particles in a more
controllable way. After the Bose-Einstein condensation of ul-
tra cold atoms is achieved [1], researchers pursued other pos-
sible quantum many-body states. Greiner et al. built a system
of bosons in a two-dimensional optical lattice and observed a
quantum phase transition between Mott-insulator (MI) and su-
perfluid (SF)[2], which has long been studied theoretically by
many physicists[3]. Recently, the researchers achieved mak-
ing artificial Kagome lattice to employ the lattice frustration
into quantum many-body systems[4]. Since one can build ar-
tificial lattices in one, two, or three dimensions at hand, the
quantum particles can be used as a simulator of the models
of many-body quantum systems with a long history, such as
Hubbard model, boson Hubbard model, etc.
Two-species bosonic systems are also experimentally real-
ized [5] with 87Rb atoms because alkali atoms may have many
internal states possible. Many exotic phases were reported by
numerous authors[6–9], which are especially related to paired
bosons with nearest neighbors such as valence-bond states.
This is because bosons have many degrees of interaction be-
tween them and there are many possible fillings of interacting
bosons. The interesting phases at zero temperature are the
counter-flow and co-flow superfluids. When the interactions
between different species bosons are repulsive and relatively
small than the kinetic energy of bosons, overall superfluidity
is zero but each species bosons nonzero superfluidity. Also,
when the interactions are attractive and relatively small, over-
all superfluidity is doubled because the bosons are paired and
move together. But it is very hard to measure directly a quan-
tity which can be used for distinguish whether the bosons are
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moving in opposite directions or in the same direction.
In this paper, we study a minimal model of two-species
bosons in the finite lattices in one dimension at zero tempera-
ture. For the two species, we denote them as a and b boson. To
restrict the Hilbert space for exact diagonalization, we impose
a hard-core condition for each species. Therefore the possible
quantum states for a single site are |0〉, |a〉, |b〉, |(ab)〉, where
|0〉 denotes the vacuum state. Here, |(ab)〉 state will have the
interacting term U . The locally interacting term U between
different species bosons at the same site can be either attrac-
tive and repulsive. The model can be regarded as the bosonic
version of Hubbard model in one dimension. Especially, at
half filling, the model has three quantum phases at zero tem-
perature: a superfluid (U = 0), Mott insulator (U > 0), and
paired charge density wave (U < 0). When U is positive, the
system behaves like an insulator, which is called Mott insu-
lator. The system is also an insulator when U is negative be-
cause the paired bosons hinders the movement of other pairs
and the phase is called paired charge density wave.
This paper is organized as follows: In the following Section
II, we present our model of interacting two-species hard-core
boson model with local interaction U . Section III shows the
ground-state energies we obtained by using an exact diago-
nalization method and the derivatives of ground-state energies
for the finite lattice system up to L = 16. In Section IV, we
suggest that we can distinguish the co-flowness and counter-
flowness of bosons with the directional current-current corre-
lation functions. These functions show that in the Mott insu-
lator, the count-flow correlation is always larger than that of
the co-flow correlation. For charge-density-wave region, the
co-flow correlation is always larger than that of the counter-
flow correlation and the difference is exactly the same as that
for symmetric value |U | because one can map the one species
boson to hole representation and the hole is acting as repulsive
boson in the case of U > 0. Even though there is no finite-
U superfluid-insulator transitions in this model, it is very in-
teresting that the finite-size system exhibit some remaining
current-current correlations in the insulating region. In Sec-
tion VI, we discuss our results and future research topic.
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2II. MODEL
The model we study in this work is a model for two-species
bosons which are distinguished by the indices a and b in one-
dimensional lattice with periodic boundary condition at half-
filling. Therefore, the number of a (b) bosons is the half the
lattice size. Each species has a hard-core condition so that
the possible number of each boson species in each site is re-
stricted to 0 or 1. If there is no interaction between a and b,
the system can be regarded as two separate bosonic systems.
We introduce a local interaction U between a and b boson.
In this sense, this model is a minimal interacting model of a
two-species bosonic system.
The Hamiltonian is written as follows:
H = −t
∑
〈i,j〉,σ=a,b
(b+iσbjσ +H.c.) + U
∑
i
nianib, (1)
where b+iσ(b) is the creation (destruction) operator at site iwith
a species index of σ(= a or b), and niσ ≡ b+iσbiσ . Here t is the
hopping energy between nearest neighbors, and U is on-site
Coulomb interaction energy between a and b when they oc-
cupy the same site i. In the following, the energies are scaled
as we set t = 1.
The only changing parameter in this model is the local in-
teraction between two species bosons. It is interesting to note
that this model has a correspondenc to fermionic Hubbard
model if one regards boson species as electron spins, although
this model has a fundamental difference because the particles
have a different symmetry. The fermionic Hubbard model be-
comes Mott insulator as we turn on U > 0. The metallic
phase is possible only when U = 0. Similarly, the bosons
are superfluid at U = 0 and it becomes Mott insulator when
U > 0. Also, for two-species softcore bosons, it was reported
that the bosons have two kind of superfluid, which are co-flow
and counter-flow superfluid in the non half-filling[8]. For the
perfect counter-flow, the overall superfluidity will disappear
but for the imperfect counter-flow, the system will be a weak
superfluid. For attractive bosons, they will form a co-flow su-
perfluid. When this work started, we were interested how to
quantify counter-flowness or co-flowness in bosonic systems.
We started from measuring of some correlations of bosons
from the half-filling and we found some interesting behaviors
of nonlocal correlations of currents in this model.
III. GROUND-STATE ENERGY AND DOUBLE
OCCUPANCY
The system we study is at half filling. The number of a-
boson and that of b-boson are both L/2 where L is the sys-
tem size and takes even number for convenience. We adopted
a modified Lanczos method[10] to calculate the ground state
and the ground state energy up to L = 16. Because there are 4
possible state in each site, the dimension of Hilbert space for
L = 16 is (16C8)2 = (12, 870)2 = 165, 636, 900. Obtaining
the diagonal elements of the Hamiltonian is straightforward.
But the tricky part is obtaining the off-diagonal elements by t
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FIG. 1: (color online) Ground-state energies of two-species hard-
core Hamiltonian (Eq. (1)) as a function of U for L = 4, 8, 12, and
16 by using exact diagonalizations. The step in U is 0.02 so that the
data points are dense enough to look like a line.
term in Eq. (1). There exists an easy way to calculate t term
due to the fact that one species does not interfere with the con-
figuration of the other species. We adopted a multi-core par-
allel programming method by OPENMP to obtain the ground
state[11]. We used computing resources of 39GB memory of
12-thread Xeon 2.4GHz CPU and it took 1 day to obtain a
single point for L = 16.
In Figure 1, we show the ground-state energy E0 as a func-
tion of U for the lattice sizes, L = 4, 8, 12, and 16. For the
negative U , the two boson species tends to stick together at a
local site because of the attraction between different species.
As one can notice, as U →∞, the energy goes to 0 since each
bosons will occupy every other sites alternately. Because the
bosons are frozen at local sites, the energy becomes zero even
though there exist hopping energies.
Figure 2 shows the ground-state energies per site (0 ≡
E0/L) as a function of U . Interestingly, the curves are al-
most collapsed for L = 8, 12, and 16. This results show that
our exact diagonalization calculation is reliable. Especially,
for U = 0, we know that exact number by the formula,
2×
( ∑
i=±2,±4,···
−2 cos ipi
L
)
(2)
so that 0(L = 16) = −1.281457724. The value of our calcu-
lation is−1.28145767145 for L = 16. We truncated the exact
diagonalization at the accuracy of O(10−7).
We can define a double occupancy as
〈 1
L
∑
i
nianib〉. (3)
We obtained the double occupancy by differentiating the
ground-state energy with respect to U . Figure 3 shows the
double occupancy as a function of U . The double occupancy
falls from 0.5 to 0 as we increase U . In the middle of U , the
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FIG. 2: (color online) The ground-state energies per site (0 ≡
E0/L) as a function of U for L=4, 8, 12, and 16. The step for U
is 0.02. The curves are almost collapsed to a single line as we in-
crease the system size.
double occupancy shows a linear behavior and we believe that
this region corresponds to a superfluid phase.
Figure 4 shows the derivatives of double occupancy as a
function of U . Interestingly, the graph show a two local min-
ima and a local maximum. As one can see clearly, the |U | val-
ues of local minima decreases as we increase the system size.
For L = 16, the minima occur at U ≈ ±2.50. This results are
consistent with the infinite-size Bethe Ansatz energies[12].
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FIG. 3: (color online) Double occupancy of two-species bosons.
When U is negatively large, the half of the lattice size is filled with
two bosons so that the double occupancy becomes 0.5. When U is
positively large, the bosons are located alternately so that the dou-
ble occupancy becomes 0. In the middle around U = 0, the double
occupancy is a linear function and collapse to a single curve.
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FIG. 4: (color online) Derivatives of double occupancy as a function
of U . As the system size increases, the local minima decreases but
the local maximum at U = 0 remains near the value of −0.0339.
IV. DIRECTIONAL CURRENT-CURRENT
CORRELATION FUNCTIONS
As we explained in Section I, it is not an easy task to dis-
tinguish the co-flowness and the counter-flowness. In this
Section, we develop directional current-current correlation
functions that will distinguish the co-flowness and counter-
flowness. We define co-flow current-current correlation func-
tion as
CRR = 〈 1
L2
∑
jk
jR(i)jR(k)〉 (4)
or
CLL = 〈 1
L2
∑
jk
jL(i)jL(k)〉 (5)
where jR(i) = b
†
i+1bi which is right-moving current and
jL(i) = b
†
i bi+1 which is left-moving current. By using
the symmetry of the system, CRR = CLL and we define
Cco ≡ CRR. The counter-flow current-current correlation
function is defined as
CRL = 〈 1
L2
∑
jk
jR(i)jL(k)〉 (6)
or
CLR = 〈 1
L2
∑
jk
jL(i)jR(k)〉 (7)
and Ccounter ≡ CRL = CLR. Here, we note that 〈· · · 〉 de-
notes the expectation value with respect to the ground state.
In general, the current-current correlation function is defined
as the correlation between the net current at i and j, we found
that this is exactly zero because the left and right moving cur-
rents are both counted.
In Figure 5, we show the CRR as a function of U for L =
4, 8, 12, and 16. For U > 0, the co-flow correlation function
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FIG. 5: (color online) Co-flow current-current correlation functions
(Cco = CRL) as a function of U for L=4, 8, 12, and 16. The step
of U is 0.1. We chose sparse data points from the ground states
we obtained with the step of 0.02 in U because the calculation time
is large when L = 16. For U > 0, the co-flow current-current
correlation function goes to 0 as we increase U .
goes to 0 as U increases because CRR(−U) = CRL(U) by
the symmetry. In Figure 6, we show the CRL as a function of
U . The counter-flow correlation function seems to decrease
very slowly as U increases. We believe that the counter-flow
correlation goes to 0 when U →∞.
If we subtract CRR from CRL (Ccounter −Cco), we obtain
Figure 7, which clearly shows for U > 0, the counter-flow
correlation function is always larger than co-flow correlation
function and for U < 0, the co-flow correlation function is
always larger than the counter-flow correlation function. With
these new quantity that can distinguish co-flow and counter-
flow superfluid, the overall superfluidity can be divided cor-
rectly with the counter-flow superfluid when U > 0 and the
co-flow superfluid when U < 0.
V. SUMMARY
In this paper, we studied a model for two-species hard-
core bosons in one dimension. The ground state of this
model is obtained with the exact diagonalization method for
L = 4, 8, 12 and 16. We found a reasonable behavior of dou-
ble occupancies. With the double occupancy, we found that
the system from charge density wave insulator to a superfluid
(U=0) in the negative U region. The charge density wave in-
sulator when U is negative has both a and b bosons at a local
site, and the ground state is
|Ψ(U < 0)〉 = |(ab) 0 (ab) 0 · · · 〉. (8)
For the positively U , the system is a Mott insulator in which
the a and b bosons occupy alternately, such as
|Ψ(U > 0)〉 = |a b a b · · · 〉. (9)
With exact diagnolization of the model, we found that one
can distinguish co-flowness and counter-flowness in the model
0.0 5.0 10.0 15.0 20.0
U 
0.0
0.5
1.0
1.5
2.0
C R
L
L=4
L=8
L=12
L=16
FIG. 6: (color online) Counter-flow current-current correlation func-
tions (Ccounter = CRR ) as a function of U for L=4, 8, 12, and 16.
The step of U is 0.1. We chose sparse data points from the ground
states we obtained with the step of 0.02 in U because the calculation
time is large when L = 16. For U > 0, the counter-flow current-
current correlation function decreases very slowly as we increase U .
with the directional current-current correlation functions. The
counter-flow current-current correlation function is larger than
co-flow correlation function for U > 0 and the co-flow cor-
relation function is larger than the counter-flow correlation
function for U < 0. It is interesting that these correlations
survive deep into the insulating region for the finite-size sys-
tem. We believe that these findings can be used in the opti-
cal lattice experiments to distinguish the co-flow and counter-
flow of bosonic systems. We are also working to measure
these correlation functions for the unmatched fillings of a and
b bosons and we are looking forward to obtaining a supefluid
phase with either counter-flowness and co-flowness in those
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FIG. 7: (color online) Difference of Ccounter and Cco for −10 <
U < 10 for L = 16. The positive value indicates that the counter-
flowness is larger than co-flowness and the negative value indicates
that the co-flowness is larger than counter-flowness. The correlation
remains strong in both insulating phases but we believe that this cor-
relation goes to 0 as we increase U to ±∞.
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